Abstract
Introduction
of droplet splashing. The numerical simulation was completed within 2 hours using a standard desktop 28 computer (Intel Core i7-3820 3.6GHz, 8GB memory). Although VSIAM3 is a highly capable fluid solver,
29
VSIAM3 could not simulate some simple benchmark problems well (for instance, lid-driven cavity flows 30 of Re>1000 as shown in Section 3) due to relatively high numerical viscosity. The numerical viscosity 31 restricted applications of VSIAM3 to higher Reynolds number flows and/or Non-Newtonian flows. In this 32 paper, we resolve the issue by proposing an efficient multidimensional formulation of VSIAM3.
of the multidimensional formulation as well as the original VSIAM3 is given in Section 2. In Section 3,
48
numerical results of lid-driven cavity flows, free surface flows (droplet collision and separation, and droplet 49 splashing) and flows with particles are given. The summary is given in Section 4. 
Outline of VSIAM3 and Grid for VSIAM3 (M-grid)

54
Here we briefly explain further details of differences between VSIAM3 and typical single-moment methods. Fig. 2 (b) .
62
This grid is called M-grid [26] . These cell average and boundary values are defined as
In VSIAM3, these additional moments are used in velocity computations and increase the accuracy of 
Governing equations
74
In this paper, we consider only incompressible flows and the following governing equations are used
where u is the velocity, n the outgoing normal for the control volume Ω with its surface denoted by Γ, ρ the 77 density, p the pressure and τ the viscous stress tensor. 
Fractional step
A fractional step approach [34] is used as follows:
1. advection part ( f A ):
2. non-advection part 1 ( f NA1 ):
3. non-advection part 2 ( f NA2 ):
These equations are solved by VSIAM3, in which the advection part is solved by a CIP-CSL method. 
Advection part ( f A )
86
A CIP-CSL method is used to solve the conservation equation
here φ is a scalar value. In this paper, the CIP-CSLR method [28] which is a less oscillatory CIP-CSL 88 scheme is used. 
CIP-CSLR
90
The CIP-CSLR scheme is briefly explained here. In the CIP-CSLR method [28] , the following function
is used to interpolate between x i−1/2 and x i+1/2 . The coefficients, α i and β i , are determined as follows
Here ε is a small number to avoid zero division. We used ε = 10 −15 for all results in this paper. By using 97 the interpolation function Φ i (x), the boundary value φ i−1/2 can be updated by the conservation equation of a
Eq. (17) is solved using a splitting approach as follows
A semi-Lagrangian approach is used for the advection equation (18) 102
Eq. (19) is solved by a finite difference method [1] . The cell average φ i is updated by a finite volume
here F i−1/2 is the flux
The detail description can be found in [28] . In the original VSIAM3, a dimensional splitting method [25, 22] is used for CIP-CSL scheme. Step 1
Step 2 Step 1
Step 2
Update rest of boudary values using an average based updated cell average Update both cell average and boundary value on arrow using 1D CSL solver 
A similar approach is used for y-direction. φ 115
Although the TEC formula seems to be a monotone operation, TEC causes numerical oscillations even the
116
1D CSL scheme is oscillation free as shown in Section 3. 
Proposed multi-dimensional formulation (TM formula)
then use the 1D CIP-CSL solver. The implementation of this multi-dimensional approach is simple and 127 the extension to 3D is also straightforward. TM does not cause numerical oscialltions if the 1D scheme is 128 oscialltion free.
129
Summary of the procedure:
Calculate temporary point value at call corner Update both cell average and boundary value using 1D CSL solver Update both cell average and boundary value using 1D CSL solver
Calculate temporary point value at call corner
Step 1
Step 2 The viscosity term is computed by a standard finite volume formulation for cell averages.
Although, in the original VSIAM3, the boundary values were updated by TEC, in this paper, we solve Eq.
138
(27) for the boundary values. We simply used a standard discretization for the boundary values as well.
139
For instance, the following second-order central difference scheme is used for all moments in cases of two 140 dimensional single phase flows,
By combining the divergence of Eq. (10) and Γ u n+1 · ndS = 0, the following Poisson equation
is obtained, where u * is the velocity after non-advection part 1. Eq. (31) was discretized as 
Other velocity components ( 
155
We validated the proposed framework through two-dimensional sine wave propagation, Zalesak problem,
156
invicid horizontal shear layer problem, lid-driven cavity flow problems (Re=1000, 3200, 5000 and 7500)
157
and comparisons with experiments (droplet collision and separation [2] , and droplet splashing [21]). We In this test, two-dimensional conservation equation is solved using the TEC formula and TM formula. The we do not use the CIP-CSL2 scheme for fluid simulations because the scheme is not oscillation free). Table   172 2 shows results by the CIP-CSL2 scheme with TEC and TM. Then both results show more than second-order Zalesak's test problem [41] in which a notched circle is rotated is widely used as a test of scalar advection 
u(x, y) = (y − 0.5, 0.5 − x).
The one revolution is completed with 628 time steps. results have shown that TEC is not oscillation free and more diffusive than TM, as shown in Fig. 6 (b) , (c),
183
(e) and (f). TM is oscillation free. reasonable agreements with the reference (Fig. 1 in [3] ). However the result by the original VSIAM3 seems to be disturbed by numerical oscillations, for instance, see the location indicated by the arrow in Fig. 7 193 (t=1.8). On the other hand, the result by the proposed VSIAM3 is smoother and closer to the reference( droplets and spikes ( Fig. 16 (b) ) as the original VSIAM3 captured (Fig. 16 (a) ). These numerical results 
